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Furthemore,  a  chosen  represen  tat;  Lon  might  possess  a  natural 
linear  ordering  (for  example,  the  lexicographical  ordering 
of  sequences  of  integers)  which  might  or  might  not  be  consistent 
with  the  linear  ordering  over  the  combinatorial  objects  that 
was  defined  earlier.  In  this  paper,  we  study  ranking  and 
unranking  algorithms  for  k-ary  trees  when  they  are  represented 
by  sequences  of  0's  and  1 's  and  sequences  of  integers  from 
1  to  n  where  n  is  the  number  of  internal  nodes  of  a  tree. 

9y  a  (regular)  k-ary  tree,  we  mean  an  ordered  tree  in  which 
every  internal  node  has  (exactly)  almost  k  sons.  We  define  a  linear 
ordering  of  t h e  set  of  k-ary  trees  as  follows  : 


•-  von  two 


ar.u  T '  ,  w e  .say  that 


'  if  (i)  T  is  empty  (i.c.  T  has  only  a  single  node)  and  T ' 

r  empty,  or  (ii)  T  is  not  empty,  then  for  some  1  <,  i  S  k, 

T  1  f  o  *•  -j  =  1  ,  2  . .  i  -  i  and  T  <  T !  ,  whore 
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the  jub trees  of  T 
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now  r.  th  ■»  *  a  regular  k-ary  kroe  can  he  rap  re. sop.  (-«?, 

•i  n  *;  l  ’  s  ,  i  f  v; .>  1  e. an  inter  n a  1  nod e  w  i  t h 


a  ■;  -  • '  .1 


r  v  l  n  o  r -jo  id  or 


-  I  •  :t  -  right),  .then  the  sequence  of  n  ( k  -  l  )  *•  1  0  '  s 
L  1  ;  -'c  oc  t  mod  is  a  .  i  :ue  renrer.cn  tat  ion  of  the  tree. 


p.  1 1  o  :t  .  w  ? 


-;:h  sequences  is  a  1  w  a  y  r.  a  0  ,  b  y 
as"  0  .  It  can  L  o  shown  that  [ 6 , 7  ]  : 


T :i error.  1  :  A  sequence  of  n  i  ’  s  and  ( k - 1  )  n  0  1  s 

represents  i  k-ary  tree  if  and  only  if  in  any  prefix  of  the 
sequence,  the  number  of  1  's  is  larger  than  or  equal  to 
U-l!  tames  the  number  of  O'  s. 

■a  shall  refer  to  such  a  reoreser.  t.a  tion  as  the  0-1 


;  h  o  n 


Theorem  1  :  The  lexicographical  ordering  of  the  0-1 

representations  of  k-ary  trees  is  consistent  with  the  linear 
ordering  in  0 - f 1 n i f i o : i  1  . 

Another  way  to  represent  a  k-ary  tree  is  by  a  sequence 
of  positive  integers  which  are  the  lev o 1  numbers  of  the  leaves 
of  the  tree,  read  off  ir.  the  left  to  right  order.  By  the  level 


or  a  leac 


>  wc  mean  the  number  of  internal  nodes  in  the  path 
from  the  root  to  the  leaf.  It  can  be  shown  that  ^  3 , 4  1  : 


a  a 
1  2 


Theorem  3  :  A  sequence  of  ( k - 1 ) n  + 1  integers 

•  where  1  s  a.  £  n  for  i  =  1,  2, . .  k(n-l)+l 

represent  a  k-ary  tree  if  the  sequence  is  reduced  to  0  by 
a  sequence  of  left  reductions.  (By  a  left  reduction  of  a  sequence 
we  mean  to  replace  the  left-most  k  consecutive  identifical  integers 
q  a . q  by  the  integer  q-I)  . 

We  shall  refer  to  such  a  representation  as  the 
1  e ve  1  - umbo r  representation  of  k-arv  trees.  It  can  be  shown  that  : 
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a  o g u  .  :i  r  %  -  try  fro  :»  ;  i  t  n  ,  .  ..  „Vi  k  *  , 

the  left  rest  k-l  loivys  of  the  tree  and  then  reconstruct 
a  r  e  j  i a  r  k  -ary  t  r  :  «*>  i  :•  -  ;  internal  ncf.es  as  in  the  folio  w  s 

Lot  y  b-"'  the  Loft  most  son  a:  x  in  a  k-arv  tree,  if  y  has 


■  n : 


and  Let  the  sons  of  y  become  sons 
If  y  has  more  than  k  sons,  let 


less  to  an 

of  x  as  shown  in  figure  2(a) 

the  risht  most  excessive  sen.,  become  sons  of  ::  as  shown 
in  Ficure  2»b) .  (k  is  ecu -a  l  to  3  in  the  examples  in 
figure  I  :  i  ir. •,  h )  )  .  Mo.:,  suppose  the  left  most  k-l  leaves 
have  ceer.  removed  from  a  k-ary  tree.  Consider  the  sequence 


_  a 


r.  z  „;c  Z 


.....  x .  where  is  the  right 


b  r  o  t -  .* 
t  !»•'  -  . 

i  r.  ,l  t  h  " 

:  -  i  r  y  t  r 

l''cr:i'tij  :t  of 


1'  "2*  i 

first  leaf  removed  and  x 


is  the  father  of 


f  remove.:.  Applying  the  reduction  steo  to  x 


L  -  4 

A  k  *  l  l 


th*T.  , .  we  shall  obtain  a  regular 

internal  nodes.  (Wo  wive  here  only  an  intuitive 
- c uuc t i  ’ n  s-op.  Although  it  is  not  totally 


obvious  that  th«*  reduction  stem  will  indeed  always  yield  a  regular 


k-ary  tree,  these  will  all  become  very  clear  in  next  section.) 

Let  T  be  a  regular  k-ary  tree.  Vie  shall  use  R  ( T )  to  denote 
the  regular  k-ary  tree  obtained  by  the  reduction  procedure 
described  above.  Figure  3  shows  an  example.  It  can  be 
shown  that  : 

Theorem  5  :  Let  T  be  the  set  of  all  k-ary  trees  with 
n  internal  nodes  with  the  level  numbers  of  the  first  k-1  leaves 

being  a  ,  a 0  . . .  a,_  .  Let  R(T)  denote  the  set  of 

k-ary  trees  obtained  by  the  reduction  procedure  described  above. 
Then  R(7)  is  the  set  of  all  k-ary  trees  with  n-1  internal  nodes 
and  with  the  level  number  of  the  first  leaf  being  ^ - 1 

or  larger.  Furthemore,  for  T  and  T'  in  T,  if  T  <  T' 
then  R  (T )  •-  R  ( T  '  )  . 

3.  ?.  .-i  r>.  k  i  ;  and  'J:;r  .mk  in*;  Algorithm 

show  now  ranking  and  an  unranking  algorithm  for  k-ary 
they  are  r  •  •>  t  e  s  e  n  t  od  by  sequences  of  0's  and  l's. 
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tree  7 .  Let  d  d 
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:>  r  e  s  e  r.  t  a  t  i  c  r. 

of  the  tree  R ( 7 }  . 

It  can  be  shown 

that 

i  .  . 

o  o  r  e  o.  6  :  1 

is  obtained  from  a 

by  deleting  the 

first 

1 

0 1 s  and  t  h  o 

s  t 

right  most  l  in  front  of  the  k-l 

0  . 

Let  index  (a_)  denote  the  number  of  k-ary  tree  of  n  internal 

nodes  where  3-1  representation  is  larger  than  £  in  the 

1  o  x  i  c  o  -■  r  2  r  h  i  r  a  1  ordering  of  0-1  sequences.  Let  A  (a,,  a  _  , . .  a.) 

(i  <  k-1)  denote  the  number  of  k-ary  trees  with  the  first  i  level 

numbers  b-.no  a, ,  a., . .  a  .  It  can  be  shown  that  : 

i  -  i 

T  e  ;  r  e  r.  :  let  £  denote  the  0-1  representation  of  a 

tree  with  its  first  k-1  level  numbers  being  a^»  . , 


k-ary 


Then 


i nde  x ( a ) 


=  A  (  a  + l )  +  A ( a 1  ,  a  2  +  1 )  +  A ( a 1  ,  a  2  ,  a  ^  +  1 ) 


+  A  (  a  j  »  a.  2  , 


•  ak-r  V11 


+  index (S) 


k-1 


=  ?l(n  +  l,  a  +1,  k-1)  +  l  N  ( n ,  a.  +  l,  i-2) 
1  i  =  2  1 


+  index (a) 


:b -b  -  i  / kn-b-i 


w  h  e  r  e  N  (  n  ,  b  ,  i  )  - 


kn-b-i 


a  -  b 


Thao r on  7  is  the  basis  of  a  ranking  algorithm,  the  details 
of  v/hicn  should  be  .iu.ce  obvious. 


The  unranking  algorithm  is  the  reverse  of  the  ranking 
algorithm  which,  can  h"  described  as  follows  :  suppose  v;o  are  given 
i nde x (T )  . 

(’.i  a.  is  d  r*' i  r. -'ll  to  be  the  nmalient  integer  j  such 

> 1  • :  i  1  ;  .  i  ,  j  r  -  ,  •••—!, 


( 2  '■  a0  is  d-.*  t  e  rm  i  ned  to  be  the  smallest  integer  j  such 


thar  index  'T)  -  ll  ( n  - 1  ,  a.+l,  k-1)  T(n,  j,  0) 

i 


(3)  a  . .  a,_  ^  is  determine-:  recursively  to  be  the 


smallest  integer  j  such  that 


P-1 


index  ;  T )  -  ::(r.  +  l,  a  +1,  k-1)  -  Z  N  ( n ,  a.+l,  i-2) 

*  *  .  n  ^ 


L  =  l 


<  b'  (  n  ,  j  ,  p  -  2  ) 


;o:  p  =  . . ,  k-1 


Is  should  be  noted  that  the  ranking  and  unranking 
algors-..: .-  presented  here  are  natural  extensions  of  that 
discover*-:  by  2  a  k  ~  C  a  • 


It  should  bo  evident  ho-,/  the  ranking  and  unranking 
algorithm  presented  above  can  be  modified  when  the  level-numbers 
representations  of  k-ary  trees  are  employed..  Indeed,  let  1^  denote  thl 

level-r.umber  representation  of  T  and  1_  denote  the  level-number 
representation  of  R  ( T )  .  Theorem  7  can  be  restated  as  : 


Theorem  3  :  let  1  denote  the  level-number  representation 


of  a  k-ary  tree  with  its  first  k-1  loaves  being  a  ^  ,  a  ^  , 
Then 


lk-r 


index  (!_)  =  t.'in+l  ,  a^  +  1,  k-1) 


k  -  i 


•  •  (  r.  #  a  .  +  1  ,  i  -  2  ) 


+  index  (!_) 

The  only  difference  is  how  to  obtain  1  from  1_.  This  can 
be  done  by  carrying  ->ut  a  sequence  of  left  reductions  to  identify 
•.  a  •  •  subtrees  of  L  r  r  na  l  nodes  which  are  moved  up  in  the 

due  t  i  scheme.  The  level  numbers  of  the  leaves  of  such  subtrees 
.1  .  •  ■  ■  i  .  •.*•-.•••  t'.,.  '  .  .  1  ;  -..i  .t  rthenr.  -  ng 

re  jo  r  t  . 
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de  f  i  nod  i  :•  T 
a  forcr.cc  i 


r  3  _  1  -  cm  also  be  applied  to  the  case  in  which 
"ary  t  r: « •  •  is  represented  by  a  permutation  as 
-~t~  o s  k  i  "  l  3  .  Again,  wo  leave  the  details  to 
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